Abstract. The purpose of this paper is to study the convergence of a path that begins at the unique fixed point of a strongly pseudo-contractive operator defined on a closed and convex subset of a reflexive Banach space and converges to a fixed point of a pseudo-contractive mapping. Primarily, it is proven that a convex combination of these two operators is indeed strongly pseudo-contractive under the weakly inward condition. This fact generalizes a result of Barbu for accretive operators.
I. Introduction

Let X be a (real) Banach space. An operator T : D(T ) ⊂ X → 2
X is said to be k-pseudo-contractive (k ∈ R) if for each u, v ∈ D(A) there exists j ∈ J(u − v) such that (1) u − v, j ≤ k||x − y|| 2 for all u ∈ T x and v ∈ T y, where J : X → X * is the normalized duality mapping which is defined by J(u) = {j ∈ X * : u, j = ||u|| 2 , ||j|| = ||u||}.
Here ., . denotes the generalized duality pairing. For 0 < k < 1 in the inequality (1), we say that T is strongly pseudo-contractive, while for k = 1, T is simply called pseudo-contractive. It is worthy to mention that this latter class of operators was first introduced by Browder [5] . It is an immediate consequence of the HahnBanach Theorem that J(u) is nonempty for each u in X. It is also known that J(u) is single-valued if and only if X is smooth. By the way, this latter notation means that (2) lim t→0
x + th − x t exists for each x and h on the unit sphere U of X. When this is the case, we say that the norm of X is Gâteaux differentiable. Moreover, if for each h in U the limit defined by (2) is uniformly attained for x in U , we say that the norm of X is uniformly Gâteaux differentiable. It is also known that if X has a uniformly Gâteaux differentiable norm, then the mapping J is uniformly continuous on bounded subsets of E from the strong topology on E to the weak * topology on E * . In addition to generalizing the nonexpansive mappings (mappings T : D → X for which T x − T y ≤ x − y for all x and y in D), the pseudo-contractive ones are characterized by the fact that T is pseudo-contractive if and only if I − T is accretive (see [4, 10] ). Continuous interest in mapping theory for accretive operators, particularly as it relates to existence theorems for nonlinear ordinary and partial differential equations, has prompted a corresponding interest in fixed point theory for pseudo-contractive mappings (see, e.g., [5] , [8] , [9] , [10] , [11] , [14] , [16] ).
It is relevant to the first two theorems of this paper to note that while every uniformly smooth Banach space is a reflexive Banach space with a uniformly Gâteaux differentiable norm, the converse does not hold. To see this, consider X to be the direct sum l 2 (l p n ), the class of all those sequences x = {x n } with x n ∈ l p n and x = ( n<∞ x n 2 ) 1 2 (see [15] ). Now, if 1 < p n < ∞ for all n ∈ N, where either lim sup n→∞ p n = ∞ or lim inf n→∞ p n = 1, then X is a reflexive Banach space (see [15] again)with a uniformly Gâteaux differentiable norm (see [21] ), but is not uniformly smooth (see [15] ). We also observe that spaces which enjoy the fixed point property (F.P.P.) for nonexpansive self-mappings are not necessarily spaces with a uniformly Gâteaux differentiable norm. On the other hand, the converse of this fact appears to be unknown as well.
The purpose of this paper is twofold. First of all, we prove that continuous accretive operators defined on convex domains under the assumption that I − A satisfies the weakly inward condition, hold the duality formulation of accretiveness for all functionals j in the corresponding duality mapping. This can be written as follows:
This result is, in fact, an extension of one obtained by Barbu [2] . Secondly, as a consequence of this, we obtain a quite general result for the existence of a path that begins at the unique fixed point of one operator and ends at a fixed point of the second operator, which appears to be the unique solution of a variational inequality. This latter result extends recent works of Moudafi [18] , Xu [20] and Chen et al [7] , as well as the main theorem of [17] . Throughout the paper we will use the following notion. Let X be a linear space with K ⊂ X. For x ∈ K, the inward set I K (x) is defined by
A mapping T : K → X is said to satisfy the weakly inward condition if
On the other hand, if T x ∈ I K (x) for each x ∈ K, T is said to, simply, satisfy the inward condition. We denote by F ix(T ) the set of fixed points of T .
II. Global property
We begin with a theorem that extends a result of Barbu [2] . The argument of the proof was inspired by a tool used by Kirk and Schöneberg [12] . To accomplish this we need the following lemma due to Kato [10] .
Lemma 1. Let X be a (real) Banach space. Then x ≤ x + αy for all α > 0 if and only if there exists
As a consequence of Lemma 1, we derive a well-known characterization of accretiveness.
Lemma 2. Let X be a (real) Banach space. Then A : D(A) → X is accretive if and only if
x − y ≤ x − y + α(A(x) − A(y)) for all x, y ∈ D(A) and α > 0.
Theorem 1. Let K be a convex subset of a Banach space X. Suppose A is a continuous and accretive mapping from
, where
, and define the set M by
Then M is nonempty (0 ∈ M ) and continuity of A implies that 
Since is an arbitrary positive number, A(z t ) − A(y), j ≥ 0, and hence t ∈ M , which is a contradiction! Therefore, t 0 = 1, and hence A(x) − A(y), j ≥ 0. Since j ∈ J(x − y) was arbitrary, the proof is complete.
We remark that if we assume that the domain of the operator A is open and convex, the assumption that I − A is weakly inward can be dropped, as may be seen in the following corollary. 
for all s ∈ (0, s 0 ]. The remainder part of the proof is as in the proof of Theorem 1.
For general Banach spaces, it appears to be unknown whether a convex combination of two pseudo-contractive mappings is pseudo-contractive. The next corollary gives an answer to this question. Proof. Since B satisfies all the assumptions of Theorem 1,
B(x) − B(y), j ≥ 0 for all j ∈ J(x − y).
Hence A + B is accretive. Now, due to Theorem 5.3 of [13] , we conclude that A + B is m-accretive.
We remark that Corollary 3 extends Theorem 1 of Barbu [1] . We may also observe that, in the context of Corollary 2, the sum of two pseudo-contractive mappings is also pseudo-contractive, provided that one of the two is continuous and satisfies the weakly inward condition.
III. Convergence of path
Recently, the use of path convergency has awakened interest in proving the convergence of iterative methods to approximate fixed points. For instance, see Xu [19] and Chidume and Zegeye [6] . Following this direction, we first prove the existence of a path for a convex combination of a pseudo-contractive type of operators.
Proposition 1. Let K be a closed convex subset of a Banach space X. Suppose T, h are two continuous mappings from K into X, which are pseudo-contractive and strongly pseudo-contractive, respectively. Suppose, in addition, T and h satisfy the weakly inward condition. Then there exists a unique path
t → x t ∈ K, t ∈ [0, 1), satisfying (4) x t = tT (x t ) + (1 − t)h(x t ).
Proof. For each t ∈ [0, 1), the mapping T t (x) = tT (x) + (1 − t)h(x)
is continuous, and due to Theorem 1, it is also strongly pseudo-contractive, satisfying the weakly inward condition. Therefore, T t has a unique fixed point in K. This means that the equation
has a unique solution for each t ∈ [0, 1). To see the continuity, let t, t 0 ∈ [0, 1). Then there exists j ∈ J(x t − x t 0 ) such that
and this implies that
Therefore,
which completes the proof.
Proposition 2. Let K be a closed convex subset of a Banach space X and let T be pseudo-contractive, while h is strongly pseudo-contractive on K. Suppose either T or h enjoys the weakly inward condition, and suppose that the equation
has a solution x t for each t ∈ (0, 1). Then:
bounded. Then the path {x t } is bounded. (ii) In particular, if T has a fixed point in K, then the path {x t } is also bounded. (iii) If v is a fixed point of T , there exists j ∈ J(x t − v) such that
Proof. (i) Since T and h are pseudo-contractive and strongly pseudo-contractive, respectively, we may choose j ∈ J(x t − x n ) such that
This implies that
and thus lim sup
Therefore the path {x t } is bounded.
(ii) The proof of (ii) is a direct consequence of part (i).
(iii) Let v be a fixed point of T . By the pseudo-contractiveness, there exists j ∈ J(x t − v) such that 
and h(E) are bounded, then the path {x t : t ∈ [0, 1)} described by (4) 
converges strongly to a fixed point v of T as t → 1 − . In addition, this fixed point is the unique solution of the variational inequality:
Proof. By Proposition 1, the path {x t : t ∈ [0, 1)} exists; it remains to show that it converges strongly to a fixed point of T as t → 1 − . The mapping 2I − T has a nonexpansive inverse, denoted by g, which maps K into K as a consequence of Theorem 6 of [14] . Let x n = x t n where {t n } is a sequence in [0, 1) with t n → 1 − as n → ∞. Since
, and the sets E and h(E) are bounded, we derive that x n − T (x n ) → 0 as n → ∞. This implies that x n − g(x n ) → 0. Since {x n } is bounded, we may define f : X → R + by f (x) = lim sup n→∞ ||x n − x||. Then f is continuous and convex, and therefore the set
is a nonempty (due to Theorem 1.2 of [3] ), closed, bounded and convex subset of
due to the assumption on K, g has a fixed point in K 0 . Denote such a point by v. Since T is pseudo-contractive and v is a fixed point of T , we derive from Proposition 2(iii) that
for all n ∈ N. Now let x = y − v, with y ∈ I K (v) and t ∈ (0, 1]. Then by a well-known inequality (see, for instance, Lemma 1 of [17] ) we have
Let ε > 0. Then by the assumptions on X and the fact that y ∈ I K (v), there exists δ > 0 such that v + tx ∈ K and
Since h(v) ∈ I K (v), we may choose y ∈ I K (v) as close as is needed from h(v), and we may choose δ y > 0 such that (1 − t)v + ty ∈ K for all t ∈ (0, δ y ) so that
Therefore we may choose a subsequence {x n k } of {x n } such that
Combining (5) and (6) and the fact that h is strongly pseudo-contractive, we conclude that {x n k } converges strongly to v. To prove that actually the net {x t } converges to v, let {x m k } be another subsequence of {x t : t ∈ [0, 1)} such that
Since h is strongly pseudo-contractive, v = w and the strong lim t→1 − x t exists. This very same argument may be used to conclude that v is the only solution of the variational inequality
We remark that Theorem 2 extends Theorem 2.1 of [18] , Theorem 4.1 of [19] and Theorem 1 of [17] . Also, we derive two corollaries, which are extensions of Theorem 3 of [7] on various aspects. Perhaps, the most interesting aspect of this result is its generality, which includes the contractions as the initial mapping h. In fact, throughout the mapping F (t, x) = tT (x) + (1 − t)h(x), T and h are homotopically equivalent under suitable boundedness conditions. We observe an identification between the unique fixed point of a contraction and a fixed point of a pseudocontraction. and h(E) are bounded, then the path {x t : t ∈ [0, 1)} described by (4) Proof. Since T has a fixed point, then by Proposition 2(i), the path {x t } is bounded, and consequently, the set E defined in Theorem 1 is bounded. Also since h is a bounded mapping, h(E) is bounded. Now, the conclusion follows from Theorem 1.
